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Abstract
It was recently realized that the polarization bases of the plane-wave modes in the integral
representation of a light beam need to be determined by a degree of freedom arising from the
divergence-free Maxwell’s equation. This is a frequently introduced real unit vector in the literature,
called Stratton vector. The polarization bases so determined are singular at the momentum that
is parallel to the Stratton vector. Here we show that the polarization singularity of vector vortex
beams given by the integral representation comes from the singularity of the polarization bases in
association with the Stratton vector. The consistency of the polarization structure of the vector
vortex beams with their polarization bases is also discussed.
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I. INTRODUCTION
Vector vortex (VV) beams have drawn more and more attention. They refer to light
beams the polarization of which varies over the transverse profile [1]. Of these, cylindrical-
vector beams [2–5] have a rotationally invariant polarization. A key property of VV beams
is their polarization singularity (PS) [6], a very common phenomenon of light [7]. Usually,
a VV beam is viewed as a superposition of two polarization-orthogonal scalar beams [6, 8–
10]. Because scalar beams do not have polarization singularities [7], it seems that the
superposition of two polarization-orthogonal scalar beams is the only mechanism for the PS
of VV beams. The purpose of this Rapid Communication is to put forward a completely
different mechanism for the PS of VV beams.
As is well known, the electric field of a light beam can always be represented by an integral
with respect to the wavevector. It was discovered not long ago [11, 12] that the polarization
bases associated with the wavevector, which are not unique [13], can be determined by a
degree of freedom, a frequently introduced real unit vector in the literature [14–18]. So
determined polarization bases are singular [19] at the wavevector that is parallel to the
degree of freedom. We will show that the integral representation gives VV beams when the
degree of freedom is parallel to the propagation axis, on one hand, and such a VV beam is
not at all a superposition of two polarization-orthogonal scalar beams, on the other hand.
By this it is meant that the singularity of the polarization bases provides a new mechanism
for the PS of VV beams.
Let us begin with the integral representation [11, 12]. The complex-valued electric field
of a free-space light beam propagating along the z axis is represented by the integral with
respect to the wavevector,
E(x, t) =
1
(2π)3/2
∫
a(k)e(k) exp[i(k · x− ωt)]d3k, (1)
where ω = ck, c is the speed of light in free space, k = |k|, the scalar function e(k) stands
for the strength of the electric field in momentum space, and the unit-vector function a(k)
obeying |a(k)| = 1 is the polarization vector [20, 21]. The polarization vector at each
wavevector is expanded in terms of a pair of orthonormal polarization bases u and v,
a(k) = αuu+ αvv ≡ ̟α, (2)
where ̟ = ( u v ) is a 3-by-2 matrix that contains the polarization bases as its column
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vectors and α =
(
αu
αv
)
is the Jones vector obeying α†α = 1. The polarization bases
associated with the wavevector are determined by a real unit vector I [14–18] in the following
way,
u = v× k
k
, v =
I× k
|I× k| . (3)
Since such a vector was first introduced by Stratton [14], we will refer to it as the Stratton
vector. We stress that in contrast with the solution of vector paraxial wave equation [1],
the electric field given by Eqs. (1)-(3) is an exact solution of free-space Maxwell’s equations
regardless of the Stratton vector, the Jones vector, and the strength factor. It satisfies not
only the accurate vector wave equation
∇2E− 1
c2
∂2E
∂t2
= 0, (4)
but also the Maxwell’s equation,
∇ · E = 0. (5)
In fact, it is from the divergence-free equation (5) that the Stratton vector stems [11, 12].
Obviously, the polarization bases (3) are indeterminate or singular at the wavevector that
is parallel to the Stratton vector. Let us first show that if the Stratton vector is parallel to
the propagation axis, proper Jones vector and strength factor will give rise to VV beams.
II. VECTOR VORTEX BEAMS AND ORIGIN OF THEIR POLARIZATION SIN-
GULARITY
To this end, we consider the Stratton vector along the propagation axis, I‖ = z¯, where z¯ is
the unit vector along the z axis. The wavevector-associated polarization bases it determines
take the form of
u‖ = ϑ¯ = ρ¯ cosϑ− z¯ sinϑ, v‖ = ϕ¯, (6)
where ϑ is the polar angle of the wavevector in spherical coordinates, ϑ¯ denotes the unit
vector along the polar direction, and ρ¯ and ϕ¯ are, respectively, the unit vectors along the
radial and azimuthal directions in cylindrical coordinates. They are singular on the prop-
agation axis, sin ϑ = 0. In addition, we choose the Jones vector to be α1+ =
(
1
0
)
and
3
α1− =
(
0
1
)
, the eigenfunctions of the Pauli matrix σˆ1 =
(
1 0
0 −1
)
with eigenvalues σ1+ = 1
and σ1− = −1, respectively. The polarization vectors described by α1+ and α1− are
a
‖
1+ = ̟
‖α1+ = ρ¯ cos ϑ− z¯ sin ϑ, (7a)
a
‖
1− = ̟
‖α1− = ϕ¯, (7b)
respectively, where ̟‖ = ( u‖ v‖ ). Finally, without loss of generality, we consider
monochromatic light beams of the following strength factor,
em(k) =
√
2π
ik2
δ(k − k0)f(ϑ) exp(imϕ), (8)
where f(ϑ) is any physically allowed function, ϕ is the azimuthal angle of the wavevector,
m is an integer, and the additional factor
√
2pi
ik2
is introduced for later convenience. Upon
inserting Eqs. (7) and (8) into Eq. (1) and making use of the identity,
exp(iξ cosψ) =
∞∑
n=−∞
inJn(ξ) exp(inψ), (9)
we get
E
‖
1+,m =
im
2
eimφ[(Am+1 −Am−1)r¯ − i(Am+1 + Am−1)φ¯+ 2iBmz¯], (10a)
E
‖
1−,m =
im
2
eimφ[(A′m+1 −A′m−1)φ¯+ i(A′m+1 + A′m−1)r¯], (10b)
where a time-dependent factor exp(−iω0t) is assumed, ω0 = ck0,
Am(r, z) =
∫ pi
0
f(ϑ)Jm(k⊥r) exp(ik‖z) cosϑ sin ϑdϑ,
Bm(r, z) =
∫ pi
0
f(ϑ)Jm(k⊥r) exp(ik‖z) sin
2 ϑdϑ,
A′m(r, z) =
∫ pi
0
f(ϑ)Jm(k⊥r) exp(ik‖z) sin ϑdϑ, (11)
k⊥ = k0 sinϑ, k‖ = k0 cosϑ, (r, φ, z) are cylindrical coordinates of the position vector x, r¯
and φ¯ are, respectively, the radial and azimuthal unit vectors in position space, and Jm is
the Bessel function of the first kind. Apparently, they are mutually orthogonal VV beams.
According to the principle of duality [22], VV beam (10a) is a TM mode and VV beam
(10b) a TE mode. When m = 0, they reduce to the following cylindrical-vector beams,
E
‖
1+,0 = A1r¯ + iB0z¯, E
‖
1−,0 = A
′
1φ¯.
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Corresponding to the singularity of polarization bases (6) on the propagation axis, the
unit vectors r¯ and φ¯ in Eqs. (10) are indeterminate on the propagation axis, r = 0. This
suggests that the PS of VV beams (10) comes from the singularity of polarization bases (6).
To demonstrate this in a different way, we turn to a Stratton vector that is perpendicular
to the propagation axis, say I⊥ = −x¯, where x¯ is the unit vector along the x axis. The
wavevector-associated polarization bases it determines take the form of
u⊥ =
x¯− ρ¯ sin2 ϑ cosϕ− z¯ cosϑ sinϑ cosϕ
(1− sin2 ϑ cos2 ϕ)1/2 , (12a)
v⊥ =
y¯ cosϑ− z¯ sinϑ sinϕ
(1− sin2 ϑ cos2 ϕ)1/2 , (12b)
where y¯ is the unit vector along the y axis. Of course, they are singular when sinϑ = 1
and cosϕ = ±1. But they are regular on the propagation axis, sinϑ = 0. The polarization
vectors described by α1+ and α1− in this case become
a⊥1+ = ̟
⊥α1+ = u
⊥, a⊥1− = ̟
⊥α1− = v
⊥, (13)
respectively, where ̟⊥ = ( u⊥ v⊥ ). It is seen from Eqs. (12) that whether the polarization
vector a⊥1+ or the polarization vector a
⊥
1− has a first-order axial component with respect to
sinϑ. Once the strength factor e(k) is sharply peaked at ϑ = 0, paraxial approximation
applies in accordance with Eq. (1). In the zeroth-order approximation in which sinϑ ≈ 0
and cosϑ ≈ 1, we have
a⊥1+ ≈ x¯, a⊥1− ≈ y¯. (14)
So if the factor f(ϑ) in Eq. (8) is sharply peaked at ϑ = 0, inserting Eqs. (8) and (14) into
Eq. (1) and making use of identity (9), we obtain
E⊥1+,m ≈ im−1 exp(imφ)A′m(r, z)x¯, (15a)
E⊥1−,m ≈ im−1 exp(imφ)A′m(r, z)y¯, (15b)
where a time-dependent factor exp(−iω0t) is assumed as before. They are uniformly polar-
ized in x and y directions, respectively, and therefore do not have polarization singularities
on the propagation axis.
It is seen from the above discussions that VV beams (10) and their scalar counterparts
(15) have the same Jones vector as well as the same strength factor. They are only different
in the Stratton vector. We are thus convinced that the PS of VV beams (10) on the
propagation axis truly comes from the singularity of polarization bases (6).
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III. DISCUSSIONS
Let us now show that neither of VV beams (10) is a superposition of two polarization-
orthogonal scalar beams. Considering the principle of duality, we only discuss one of them,
say TE mode (10b). With the help of the relations,
r¯ = x¯ cos φ+ y¯ sin φ, φ¯ = −x¯ sinφ+ y¯ cosφ,
one can readily convert Eq. (10b) into
E
‖
1−,m =
im+1
2
eimφ[A′m+1e
iφ(x¯− iy¯) + A′m−1e−iφ(x¯+ iy¯)]. (16)
It is seemingly a superposition of two circularly-polarized scalar beams. But this is not the
case at all. As one particular case of the electric field given by Eqs. (1)-(3), expression (16)
is an exact solution of free-space Maxwell’s equations. It represents the electric field of a
true light beam. Nevertheless, it is well known [16] that except for plane waves, a light beam
cannot be uniformly polarized. In other words, no true uniformly-polarized scalar beams
exist. Therefore, neither constituent of expression (16) can be interpreted as the electric
field of a true light beam. Let us explain this in more detail below.
First of all, it is observed that if the polarization vector a were independent of the
wavevector k, electric field (1) would be uniformly polarized. But according to Eqs. (2) and
(3), the polarization vector must be perpendicular to the wavevector,
k · a = 0. (17)
This is in fact the requirement of Maxwell’s equation (5). Secondly, it has been shown
by Eqs. (14) that when the Stratton vector is perpendicular to the propagation axis, the
polarization vector in the zeroth-order paraxial approximation can be independent of the
wavevector. We consider, under such a Stratton vector, the polarization vector that is
described by ασ3 =
1√
2
(
1
iσ3
)
, the eigenfunction of the Pauli matrix σˆ3 =
(
0 −i
i 0
)
with
the eigenvalue σ3 = ±1, which is given by
a⊥σ3 = ̟
⊥ασ3 =
1√
2
(u⊥ + iσ3v⊥).
In the zeroth-order paraxial approximation, it tends to be independent of the wavevector,
a⊥σ3 ≈
1√
2
(x¯+ iσ3y¯). (18)
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If the factor f(ϑ) in Eq. (8) is sharply peaked at ϑ = 0, we insert Eqs. (8) and (18) into
Eq. (1) and take identity (9) into account to get
E⊥σ3,m ≈
1√
2
im−1 exp(imφ)A′m(r, z)(x¯+ iσ3y¯),
where a time-dependent factor exp(−iω0t) is assumed and A′m(r, z) is given by Eq. (11). It
is uniformly circularly-polarized, resembling the constituents of expression (16). However,
it no longer satisfies Maxwell’s equation (5) because paraxially approximated polarization
vector (18) does not satisfy Eq. (17). It cannot represent the electric field of a true light
beam. This means that neither constituent of expression (16) can be viewed as the electric
field of a true light beam. In a word, the PS of VV beams (10) cannot be interpreted as the
result of a superposition of two polarization-orthogonal scalar beams.
Even so, one may still wonder why TE mode (10b) in general has a radially polarized
component if its PS comes from the singularity of the polarization vector (7b) that is purely
azimuthally polarized. To answer this question, it is worth mention that the polarization
state of light beam (1), when viewed in momentum space, is completely described by the
polarization vector a. Considering that the polarization vector itself as well as constraint
(17) on it does not depend on the time, we introduce a position-space vector function defined
by
A(x) =
1
(2π)3
∫
a(k) exp(ik · x)d3k. (19)
As the Fourier integral of the polarization vector, it takes the role of describing the polar-
ization state of light beam (1) in position space. In particular, owing to constraint (17)
on the polarization vector, it satisfies ∇ · A = 0, the same as Maxwell’s equation (5). We
will refer to it as the polarization function of light beam (1). It is remarked that when the
Jones vector α is independent of the wavevector k, polarization function (19) takes the form
A(x) = Π(x)α, where
Π(x) =
1
(2π)3
∫
̟ exp(ik · x)d3k ≡ (U V ).
In this case, the two vector functionsU(x) andV(x) act as the polarization bases in position
space. They are orthogonal to each other in the sense
∫
U∗ ·Vd3x = 0. On this basis, if we
further introduce a scalar wavefunction defined by
E(x, t) =
1
(2π)3/2
∫
e(k) exp[i(k · x− ωt)]d3k, (20)
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we will get from Eq. (1)
E(x, t) = A(x) ∗ E(x, t), (21)
where ∗ means convolution,
A(x) ∗ E(x, t) =
∫
A(x− x′)E(x′, t)d3x′.
It is noted that scalar wavefunction (20) satisfies the wave equation
∇2E − 1
c2
∂2E
∂t2
= 0,
the same as wave equation (4). Moreover, it has the property
∫
|E|2d3x =
∫
|E|2d3x.
Equation (21) states that the electric field of a vector beam can be expressed as the
convolution of its polarization function A with its scalar wavefunction E. Let us look at the
polarization function of TE mode (10b), which is
A
‖
1− =
1
(2π)3
∫
ϕ¯ exp(ik · x)d3k,
in accordance with Eqs. (19) and (7b). Taking the rotational invariance of ϕ¯ into consider-
ation, we perform the integral in cylindrical coordinates to give
A
‖
1− = i
δ(z)
2πr2
φ¯. (22)
It is only polarized in azimuthal direction, in perfect agreement with polarization vector (7b)
in momentum space. We are thus clear that the radially polarized component in TE mode
(10b) results from the convolution of polarization function (22) with the scalar wavefunction,
which is given by
Em =
1
(2π)3/2
∫
em(k) exp(ik · x)d3k = im−1 exp(imφ)A′m(r, z),
in accordance with Eqs. (20) and (8), where a time-dependent factor exp(−iω0t) is assumed.
Similar discussions can also be made about the consistency of the polarization structure of
TM mode (10a) with polarization vector (7a).
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IV. CONCLUSIONS
In conclusion, we showed that the PS of VV beams (10) on the propagation axis comes
from the singularity of the polarization bases (6). It cannot be interpreted as the result of a
superposition of two polarization-orthogonal scalar beams. We also analyzed, with the help
of position-space polarization function (19), the consistency of the polarization structure of
VV beams (10) with polarization bases (6).
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